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On the Picard functor in formal-rigid geometry
Shizhang Li
In this thesis, we report three preprints [Li17a] [Li17b] and [HL17] the
author wrote (the last one was written jointly with D. Hansen) during
his pursuing of PhD at Columbia.
We study smooth proper rigid varieties which admit formal mod-
els whose special fibers are projective. The main theorem asserts that
the identity components of the associated rigid Picard varieties will au-
tomatically be proper. Consequently, we prove that non-archimedean
Hopf varieties do not have a projective reduction. The proof of our main
theorem uses the theory of moduli of semistable coherent sheaves.
Combine known structure theorems for the relevant Picard varieties,
together with recent advances in p-adic Hodge theory, We then prove sev-
eral related results on the low-degree Hodge numbers of proper smooth
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In the first two sections of this chapter, we briefly introduce the basic notions in formal-
rigid geometry. Section 1.3 is based on [Li17a, Section 1], in which we state the main
statements dealt in this thesis.
1.1 Rigid Spaces
Giving an elliptic curve over C, one may view it as a quotient of C∗ in the category of
complex manifolds. Can we do something like this over a complete non-archimedean
field? Tate observed the following example (published much later as [Tat95]).
Example 1.1.1 ([Bos14, page 2]). Let K be an algebraically closed complete non-
archimedean field, for example we may take K = Cp. Consider the following algebra,





i | ai ∈ K, lim|i|→∞|ai|r
i = 0 for all r > 0
}
.
Now let q ∈ K be an element with 0 < |q| < 1, and write
Mq(K∗) := {f/g ∈ Frac(O(K∗)) | f(qT )g(T ) = f(T )g(qT )} .
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Tate observed that Mq(K∗) is the function field of an elliptic curve (over K) with
a non-integral j-invariant, i.e., with |j| > 1; and moreover the set of K-points of
aforementioned elliptic curve coincides canonically with the quotient K∗/qZ.
Therefore it is tempting to say that these elliptic curves are of the form Gm/qZ.
However, this quotient does not make sense in the category of algebraic varieties.
Moreover, there is no non-constant morphism fromGm to an elliptic curve. Tate [Tat71]
introduced the category of rigid spaces to overcome these two difficulties.
Roughly speaking, a rigid space (over a complete non-archimedean field K) is a
locally ringed space which is locally isomorphic to the zero locus of finitely many
convergent power series inside a unit polydisc over K. These zero lcoi are also known
as affinoid spaces. Like the case of an algebraic variety, the local geometry is captured
by its coordinate ring of regular functions on it. For example, the coordinate ring of
the n-dimensional unit polydisc over K is given by:






|aI | = 0
}
,
and is called the Tate algebra of n variables over K.
Tate algebras share many similar properties with polynomial rings. In particular,
they are Noetherian and regular. The ring Tn/(f1, . . . , fm) corresponds to the affinoid
space which is given as the zero locus of regular functions {f1, . . . , fm} on n-dimensional
polydisk. Rings of this form are called an affinoid algebra.
1.2 Formal Models
Let X be a scheme of finite type over OK , the ring of integers of a non-archimedean
field K. From X we can naturally get an algebraic variety over K by taking its generic
fibre X := XK . We often regard X as an integral model of X.
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Raynaud [Ray74] discovered that rigid spaces maybe similarly regarded as generic
fibres of formal schemes. To illustrate this, consider the formal completion of A1OK
along its central fibre. This is an affine formal scheme with coordinate ring






|aI | = 0
}
.
Base changing gives us an equality
T ◦n ⊗OK K = Tn.
Hence it is natural to attach the n-dimensional unit polydisc to the aforesaid formal
scheme as the generic fibre. More generally, given any affine formal scheme of (topo-
logically) finite type over OK , we may base change to K to get an affinoid variety. One
can upgrade this procedure from the affine situation to more general formal schemes.
In the end, one obtains a functor
category of admissible quasi-paracompactformal schemes over OK
 −→
category of rigidspaces over K.

Therefore given an admissible quasi-paracompact formal scheme X over OK , we can
make sense of its generic fibre X := X rig as a rigid space. In such a situation, we call
X “a formal model of X”.
Raynaud proved that there is an equivalence of categories:
Theorem 1.2.1 ( [Ray74], for this precise statement see [Bos14, 8.4 Theorem 3]). The
functor above induces an equivalence between

category of admissible quasi-paracompact
formal schemes over OK localized by








The geometry of a rigid space and its formal models are closely related. For instance,
a rigid space is quasi-compact (resp. separated, resp. proper) if and only if any of its
formal models is quasi-compact (resp. separated, resp. proper).
We refer interested readers to the lecture notes of Bosch [Bos14] for more details.
1.3 Main Statements
In the famous series [BL93a], [BL93b], [BLR95a] and [BLR95b], Bosch, Lu¨tkebohmert
and Raynaud laid down the foundations relating formal and rigid geometry. The type
of questions they treat in the series are mostly concerned with going from the rigid side
to formal side. In this thesis we will consider the opposite type of question, namely
we will investigate to what extent properties on the formal side inform us about rigid
geometry. More precisely, we will see what geometric consequences one can deduce
under the assumption that the rigid space has a projective reduction.
Let K be a non-archimedean field with residue field k. Let X over K be a connected
smooth proper rigid space with a K-rational point x : Sp(K)→ X.
In this thesis we prove the following:
Theorem 1.3.1. Suppose that X has a formal model X whose special fiber X0 is
projective over Spec(k), assume furthermore that Picard functor is represented by a
quasi-separated rigid space. Then its identity component Pic0X is proper.
Let us make a historical remark on the representability of Picard functor in rigid
geometry, see also Section 2.1 and Section 2.2.
Remark 1.3.2.
1. When K is discretely valued, Hartl and Lu¨tkebohmert proved the representability
of the Picard functor on the category of smooth rigid spaces over K under an
additional assumption that X has a strict semistable formal model (c.f. [HL00]).
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They prove a structure theorem for the Picard space. In particular, it is quasi-
separated.
2. In Warner’s thesis it is proved that assuming K has characteristic 0, the Picard
functor defined on a suitable category of adic spaces over K is represented by a
separated rigid space over Spa(K,O) (c.f. [War17, Theorem 1.0.2]).
3. In general, we expect the Picard functor of a proper smooth rigid space over K
to be represented by a separated rigid space.
If X has a projective reduction then one can naturally define an open and closed
sub-functor PicPX/K of PicX/K , see Definition 3.1.7.
Theorem 1.3.3 (Main Theorem). Suppose that X has a formal model X whose special
fiber X0 is projective over Spec(k). Then PicPX/K is a proper functor.
The notion of a functor being proper is defined in Section 2.2. By Theorem 2.3.5,
it suffices to prove PicPX/K is bounded. We use moduli of semistable sheaves to show
this.
From a formal model X of a rigid space X, we can define a distance on the set of
classical Tate points on X by:
dist(p, q) = min{|pi| | P ≡ Q mod pi for all pi ∈ OK},
where P (resp. Q) is the associated formal point of p (resp. q). Therefore one may
na¨ıvely think of a formal model as a metric on the rigid space.
For example, take the formal A1 to be a formal model of the unit disk over K = Qp.
Now 0, p and 1 define three points on the unit disk. And the pairwise distances are
dist(0, p) = |p| and dist(0, 1) = dist(p, 1) = |1| = 1.
Recall that a metric on a complex manifold is Ka¨hler if it is compatible with the
complex structure, positive and the associated 2-form is closed. It seems reasonable
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to say that our metric coming from a formal model is automatically “compatible with
the complex structure”. Now the special fibre of this formal model being projective
can be thought as some kind of positivity on the induced metric. It is also true that
the choice of a polarization on the special fibre will naturally give rise to a degree 2
de Rham cohomology class on the generic fibre. Therefore we may regard “having a
projective reduction” as a condition analogous to “being Ka¨hler”. Along this line, with
the well-known Hodge symmetry in mind, we are led to the following:
Question 1.3.4 (see Question 6.2.3). Let X be a smooth proper rigid space over a char-
acteristic 0 complete non-archimedean field admitting a formal model with projective
reduction. Is it true that hi,j(X) = hj,i(X) for all i, j?
In the joint work [HL17] with D. Hansen, we verify this for rigid varieties over p-adic
fields in the case of degree 1:
Theorem 1.3.5 ([HL17, Theorem 1.2], see also Theorem 6.2.1). Let X be a smooth
proper rigid space over a p-adic field K. Assume that X has a formal model X over
Spf(OK) whose special fiber is projective. Then we have
h1,0(X) = h0,1(X).
1.4 Structure of this thesis
Let us summarize how this thesis is organized. In Chapter 2, we state and compare
previous works of Hartl–Lu¨tkebohmert [HL00] and E. Warner [War17] concerning the
Picard functor. We also make a general discussion concerning various properties of this
functor.
In Section 3.1 we make an observation that there is a well defined specialization
from the K-group of coherent sheaves on X to that of X0. Therefore a chosen ample
invertible sheaf on X0 will enable us to associate Hilbert polynomials. As a byprod-
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uct, we find that non-archimedean Hopf surfaces do not have any formal model with
projective reduction, see Proposition 3.1.6.
From Section 3.2 on, we fix a chosen ample invertible sheaf on X0. Then we define
(semi)-stability of coherent sheaves on X and generalize a result of Langton, namely we
prove that a semistable coherent sheaf F on X always has a formal model F such that
its reduction F0 is semistable, which justifies the title of this section. Consequently,
any line bundle on X has a formal model whose reduction is semistable.
In Chapter 4, we discuss a toy model of the somewhat technical material in Sec-
tion 3.2. We believe this chapter captures the essential idea in the proof of semistable
reduction. We recommend those readers lost in the proof of Theorem 3.2.8 to look in
Chapter 4 first.
In Section 5.1 we construct an auxiliary quasi-compact space W which “surjects”
onto PicPX (see Section 5.2 ; this completes the proof of our main theorem (see Sec-
tion 5.3).
In Chapter 6 and Chapter 7, we report a joint work with D. Hansen [HL17].
1.5 Origin of this thesis
This thesis originates from a discussion about [HL00] with de Jong, who suggested that
1. every smooth proper rigid space admits a projective reduction and,
2. one can try to use the moduli of semistable sheaves on that particular formal
model to provide a formal model of the Picard variety of the generic fibre, which
provides an alternative construction of the Picard variety in rigid geometry.
Later on, we realized that these two statements cannot simultaneously be true since
(1) and (2) would imply that the Picard variety of every smooth proper rigid space
is proper, but the Picard variety of a non-archimedean Hopf surface is not proper.
Instead we were led to believe that:
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1. non-archimedean Hopf surfaces never have projective reduction and,
2. having a projective reduction implies the Picard variety is proper.
The work concerning these two statements becomes the paper [Li17a] which confirms
both of them.
The joint paper with Hansen [HL17] similarly started from a conversation with
Hansen in which we made a bold conjecture that having a projective reduction is a rea-
sonable analogue of “being Ka¨hler” in rigid geometry. Using the main result in [Li17a]
(c.f. Theorem 1.3.1), we were able to establish weak evidence (see Theorem 6.2.1) for
this wild guess.
Notation and Conventions
Let K be a complete non-archimedean field with value group Γ ⊂ R, ring of integers
O, maximal ideal m and residue field k. Throughout this thesis, X will be a proper
admissible formal model of a smooth proper connected rigid space X = X rig over O.
For simplicity we will assume X has a K-rational point x : Sp(K)→ X. We use almost
the same notation as in [BL93a] except that we use (·)rig to denote the generic fiber of
an admissible formal scheme. We use roman letters to denote rigid objects and curly
letters to denote formal objects. We also denote the level pi (resp. γ), namely modulo
pi (resp. modulo piγ for some |piγ| = γ), of a formal object by subscript pi (resp. γ).
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Chapter 2
Preliminary on Picard functors
In this Chapter, we report results concerning various Picard functors in rigid geometry.
In Section 2.1, we state the result by Hartl–Lu¨tkebohmert [HL00] in which they
consider the Picard functor defined on the category of smooth rigid spaces.
In Section 2.2, we state the result by E. Warner [War17] concerning a special case
of the Picard functor defined in loc. cit. on a suitable category of adic spaces.
In Section 2.3 we make a general discussion concerning properties of the Picard
functor. Most notably, using a result of Kedlaya–Liu [KL16], we show that the Picard
functor is always partially proper.
This Chapter is based on [Li17a, Section 3 of the preprint version] and [HL17,
Section 2]
2.1 Smooth Picard functor
In this section, we record some preliminary results from [HL00]. Throughout this
section, let K be discretely valued and X is a smooth proper rigid space over such a
K. See also [HL17, Section 2].
In the paper [HL00], Lu¨tkebohmert and Hartl considered the smooth Picard func-
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tor 1
PicsmX/K : (Smooth rigid spaces over K)→ (Sets), V 7→ PicX/K(V )
where
PicX/K(V ) = {Isomclass(L, λ) : L a line bundle on X×KV, λ : OV ∼−→ (x, id)∗L an isomorphism}.
Let us summarize several main statements of the paper mentioned above.
Theorem 2.1.1 (Summary of Theorem 0.1, Proposition 3.13, Theorem 3.14 and The-
orem 3.15 of [HL00]). Assume X has a strictly semistable formal model.
1. The functor above is represented by a smooth rigid group denoted as PicsmX .
After a suitable finite base extension we have:
2. The identity component Picsm,0X of Pic
sm
X , i.e. the Picard variety of X in their







Here T is a split torus of dimension r, Γ is a lattice of rank k(≤ r), and B is a
good reduction abeloid variety (c.f. [Lu¨t95]), i.e. B is the rigid generic fiber of a
formal abelian scheme.
3. Non-canonically2, Picsm,0X may be written as an extension of an abeloid variety by
1In the cited work, this functor is called the Picard functor. Here and in the following, we add the
prefix “smooth” to indicate that they only consider this functor with smooth testing spaces.
2Although the way to write this extension is non-canonical, this number r− k only depends on X
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a split torus of dimension r − k:
0→ Gr−km → Picsm,0X → A→ 0.
4. The geometric component group of PicsmX ×KCK, i.e. the Ne´ron–Severi group of
X in their terminology, is a finitely generated abelian group.
Here and elsewhere in this thesis, we use CK := K̂ to denote the completion of an
algebraic closure of K.
Definition 2.1.2. The virtual torus rank of Picsm,0X is defined to be r−k in the notation
above.
We postpone the discussion of the Tate module of PicsmX to the end of the next
section.
2.2 Adic Picard functor
Following [War17], we consider functors defined on a suitable subcategory of adic spaces
over K. Let us denote (V/K) the full subcategory of adic spaces over Spa(K,O), its
objects are adic spaces locally of finite type over Spa(K ′, R′)→ Spa(K,O) where K ′/K
is a non-archimedean field extension, R′ gives a (not necessarily rank 1) valuation on
K ′ with R′ ∩ K = O. In the following we will use underlined notation to denote a
functor, and the representing space (if exists) will be denoted without underline. Note
that this is opposite to the convention of Grothendieck but agrees with that in loc. cit.






{L a line bundle on Xad ×Spa(K,O) V ,
λ : OV ∼−→ (x, id)∗L an isomorphism
}
/Isom.
Note that this is a special case of the Picard functor defined in [War17]. One of the
Main Theorems in [War17] is the following:
Theorem 2.2.1 (special case of Theorem 1.0.2 of [War17]). Assume that K is of
characteristic 0. Then the functor PicX/K is represented by a rigid group space, and
we denote it by PicX/K.
Let us make some remarks comparing Theorem 2.1.1 and Theorem 2.2.1.
Remark 2.2.2.
1. Since reduced (rigid) group varieties are automatically smooth, we see that
PicsmX
∼= PicredX/K if both are represented. In this situation, we denote this space
by PicX .
2. Also both rigid group spaces have the same Tate modules, since they have the
same group of K¯-valued points.
3. In characteristic 0, Warner can prove the representability without knowing that
X has a semistable formal model. On the other hand, Hartl–Lu¨tkebohmert can
obtain a structure theorem concerning the reduced part of Picard, assuming that
X has a semistable formal model.
4. In general, we believe that for a smooth proper rigid variety X over K. The
functor PicX/K is representable, and the reduced part of the representing space
is as described by Hartl–Lu¨tkebohmert.
It is easy to derive the following structural properties of the Tate module of PicX ,
by using the result of Hartl–Lu¨tkebohmert. This will be used in Chapter 6.
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Proposition 2.2.3. Assuming the representability of both PicsmX and PicX/K. Let us
retain the notation in Theorem 2.1.1.
1. The Tate module of PicX is the same as that of Pic
0
X .
2. There are two canonical short exact sequences of p-adic GK representations:
0→ Vp(T )→ Vp(Pˆ )→ Vp(B)→ 0,
0→ Vp(Pˆ )→ Vp(Pic0X) = Vp(PicX)→ lim←−(Γ/p
nΓ)⊗Zp Qp → 0.
Here Vp(G) = lim←−G[p
n]⊗ZpQp denotes the rational p-adic Tate module associated
with any commutative rigid analytic group G.
3. There is a non-canonical short exact sequence of p-adic GK representations:
0→ Qp(1)r−k → Vp(Pic0X)→ Vp(A)→ 0.
Proof. (1) follows from Theorem 2.1.1 (4), while (2) and (3) are consequences of The-
orem 2.1.1 (2) and (3), respectively.
2.3 Properties of a functor
Let us make the following definition.
Definition 2.3.1. Let F : (V/K)op → Sets be a functor.
1. F is said to be partially proper if any element in F (Spa(Frac(R), R)) can be ex-
tended to a unique element in F (Spa(Frac(R), R+)). Here R is a rank 1 valuation
ring over O and R+ is a valuation subring of R with the same fraction field.
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2. F is said to be bounded if there exists a quasi-compact rigid space W over K and
an element ξ ∈ F (W ) such that for any η ∈ F (K¯), there exists P ∈ W (K¯) with
η ∼= P ∗(ξ).
3. F is said to be proper if it is partially proper and bounded.
In the definition of boundedness of functor, it is equivalent if we ask the space W
to be an affinoid space. This definition is justified by Proposition 2.3.2 below.
Proposition 2.3.2. Let F : (V/K)op → Sets be a (partially) proper functor. If F
is represented by a quasi-separated rigid space Y over Sp(K). Then Y is (partially)
proper.
Huber has defined the notion of partial properness (c.f. [Hub96, Definition 1.3.3])
for analytic adic spaces. He showed a valuative criterion of partial properness for
maps between analytic adic spaces (c.f. [Hub96, Corollary 1.3.9]). Combined with the
work in [Lu¨t90], Huber was able to show that a map of rigid spaces over discretely
valued field is (partially) proper if and only if the map of corresponding analytic adic
spaces is (partially) proper (c.f. [Hub96, Remark 1.3.19]). Temkin generalized the
result of Lu¨tkebohmert, c.f. [Tem00, Theorem 4.1]. In particular, we now know that a
quasi-separated map of rigid spaces over an arbitrary non-archimedean field is partially
proper if and only if the map of corresponding analytic adic spaces satisfies the valuative
criterion in [Hub96, Lemma 1.3.10].
Proof. By definition of F being partially proper, we see that Y satisfies the valuative
criterion. Since Y is quasi-separated, it is partially proper by [Hub96, Corollary 1.3.9].
If F is proper, then by the above we know that Y is partially proper. It suffices
to show that F being bounded implies that Y is quasi-compact. This follows from the
Lemma below.
14
Lemma 2.3.3. Let f : W → Y be a morphism of rigid spaces. Suppose W is quasi-
compact, Y is quasi-separated and f is surjective on classical Tate points. Then Y is
also quasi-compact.
Proof. Let {Ui}i∈I be an affinoid admissible covering of Y . Because W is quasi-compact
and f is surjective we see that finitely many of the Ui’s cover Y set-theoretically. It
suffices to prove that for any affinoid admissible open V in Y the intersection {V ∩
Ui} admits a refinement by a finite admissible covering. Now V is affinoid, so {V ∩
Ui} are quasi-compact, since Y is quasi-separated. Therefore we see that Y is quasi-
compact.
It is worth noticing the following (counter)-example if we drop the assumption of
Y being quasi-separated.
Example 2.3.4. Let K = Cp and let W be the closed disc of radius 1. Choose an
irrational number r with 0 < r < 1. Let Y be the gluing of infinitely many closed discs
of radius 1, where we glue all the radius greater than r parts together and do the same
to all the radius less than r parts. There is an obvious map from W to Y that is a
surjection on classical Tate points. It is easy to see that Y is not quasi-compact.
It is a consequence of [KL16, Theorem 2.3.3] that PicX/K is always partially proper,
see Theorem 2.3.5 below.
Theorem 2.3.5. PicXX/K is partially proper.
Proof. Let R and R+ be as in Definition 2.3.1.
By [KL16, Theorem 2.3.3] we see that the restriction functor from the category of
coherent sheaves onXadic×Spa(K,O)Spa(Frac(R), R+) to the category of coherent sheaves
on Xadic ×Spa(K,O) Spa(Frac(R), R) is an equivalence and preserves finite locally free
coherent sheaves. Indeed, Theorem 2.3.3 of loc. cit. establishes the above equivalence
of categories except for the last statement about preserving finite locally free coherent
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sheaves. However, note that in affinoid setting, with the notation in loc. cit., a coherent
sheaf F being finite locally free is equivalent to the associated A-module M being finite
projective. Since this condition only depends on A but not on A+, we see that being
finite locally free does not depend on the O+ structure. Therefore the equivalence of
categories above preserves finite locally free sheaves.
Let LR on Xadic×Spa(K,O) Spa(Frac(R), R) be a rigidified line bundle. By the equiv-
alence of categories above we see that LR extends uniquely as a rigidified line bundle
LR+ on Xadic ×Spa(K,O) Spa(Frac(R), R+).
The argument above shows that the Picard functor satisfies the valuative criterion,
namely any map
f : Spa(Frac(R), R)→ PicX/K
always extends to a map
f : Spa(Frac(R), R+)→ PicX/K
which is what we need to show.
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Chapter 3
A generalization of Langton’s
Theorem
In this Chapter, we investigate rigid varieties with a projective reduction.
In Section 3.1, we make the observation that there is a well-defined specialization
map of K groups. Therefore, one can attach well-behaved Hilbert polynomials to
coherent sheaves on X if it has a projective reduction. An interesting by-product
is that the non-archimedean Hopf surfaces (c.f. [Vos91]) do not admit a projective
reduction, see Proposition 3.1.6.
In Section 3.2, we develop a theory of semistable coherent sheaves on X. In par-
ticular, we prove a version of semistable reduction of coherent sheaves which may be
thought as a generalization of Langton’s Theorem (c.f. [Lan75]). The proof may seem
technical, but the idea is captured in Chapter 4 in which we prove a similar result in
the (toy) model of multi-filtered vector spaces.
3.1 Specialization of K group
Suppose we have a class in K0(X) represented by a coherent sheaf F . Then we can
find some formal model F of F , by which we mean an O-torsion free finitely presented
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OX -module with generic fibre isomorphic to F . After reduction we get a coherent sheaf
F0 on X0. Different formal models of F will differ by an O-torsion finitely presented
sheaf on X . Let us prove a lemma on the O-module structure of such sheaves which
we believe is interesting on its own.
Lemma 3.1.1. Let A be a topologically finitely presented O-algebra and let M be an






for some (finite or countable) cardinals λ1, . . . , λk.
Proof. Without loss of generality, we may assume A = (O/pi)[x1, . . . , xn]/I with I
finitely generated. We will do induction on the dimension of the support of M , which
we denote as d. Now without loss of generality we may assume the dimension of
| Spec(A)| = | Spec(A ⊗O k)| is d. By Noether normalization, we may find a finite
morphism k[x1, . . . , xd] → A ⊗O k. Lifting the images of xi’s gives us a morphism
B = O[x1, . . . , xd] → A which is universally closed and of finite presentation as an
algebra, hence of finite presentation as a module. Now regarding M as a finitely
presented B-module, we reduce to the situation where A = B. Localizing at the generic
point of the special fiber p = m[x1, . . . , xd], we see that Mp is a finitely presented Bp-
module. Because Bp is a valuation ring which is unramified over O, i.e., they have the
same value group, we see that Mp =
⊕k
i=1(Bp/piiBp). By clearing denominators, this
gives rise to a morphism
⊕k
i=1 B → M , and hence an injection φ :
⊕k
i=1(B/pii) ↪→ M
after multiplying some element f /∈ p.
Next, we claim that φ is universally injective as an O-module and the quotient is
a finitely presented B-module whose support has dimension less than d. The claim
on the dimension of the support is easy and follows from the fact that this map is
an isomorphism on the generic point of the special fiber p. To see why this map is
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Now by [Sta19, Lemma Tag 05CI] and [Sta19, Lemma Tag 05CJ], it suffices to show
that B/pii → Bp/piiBp is universally injective as an O-module. This in turn would
follow from the fact that B → Bp is universally injective as an O-module, by [Sta19,
Theorem Tag 058K] it suffices to show B/pii → Bp/piiBp is injective as an O-module
which one verifies directly.
Consider the short exact sequence 0 →⊕ki=1(B/pii) → M → Q → 0. It is easy to
see that
⊕k
i=1(B/pii) has the form we want. We see that this sequence is universally
exact with respect to O-module structure and Q is a finitely presented B/(f)-module





induction hypothesis. Now by [Sta19, Theorem Tag 058K], we see that the short exact
sequence above splits. Therefore we see that M , as an O-module, has the form we
want.
Now we can state and prove the key observation of this paper.
Theorem 3.1.2. The association [F ] 7→ [F0] gives rise to a well-defined map from
K0(X) to K0(X0).
Proof. The first thing we have to verify is that for two different formal models of F ,
say F1 and F2, we will have [F10 ] = [F20 ] as classes in K0(X0). Viewing F1 and F2 as
two lattices inside F , then after multiplying F1 by an element in m with sufficiently
large valuation, we may assume it is a subsheaf of F2.
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In the situation above, we have a short exact sequence
0→ F1 → F2 → Q→ 0
Applying ⊗OXOX/mOX we get
0→ Tor1OX (OX/mOX , Q)→ F10 → F20 → Q0 → 0.
Observe that Tor1OX (OX/mOX , Q) = ker(m⊗Q→ Q), which we shall denote as Q′0.
Now we only have to show [Q′0] = [Q0]. We will define canonical filtrations on both
coherent sheaves and use Lemma 3.1.1 to see their successive quotients are naturally
isomorphic. For every γ ∈ Γ, we define
Filγ(Q0) = Im(ker(·piγ : Q→ Q)→ Q0)
and
Filγ(Q′0) = (piγ ⊗Q) ∩ ker(m⊗Q→ Q)
where piγ is any element in O with valuation γ. Since Q is an O-torsion finitely
presented OX -module, we see that as γ goes from 0 to some |pi| the first (resp. second)
filtration is an increasing (resp. decreasing) filtrations of coherent subsheaves and both
filtrations are exhaustive and separated. We claim that both filtrations only change
at finitely many γi and there are natural isomorphisms between their corresponding
successive quotients. Because both claims are local properties, after choosing a finite
covering of X by affine formal schemes we may reduce to the situation where X =
Spf(A). Now we have Q = M˜ for some O-torsion finitely presented A-module M . By
20





We may assume |pi1| < · · · < |pik|. Now by direct computation, we see that both




Im(ker(·pii : Q→ Q)→ Q0)
Im(ker(·pii+1 : Q→ Q)→ Q0)
→ Gri(Q′0) =
(pii ⊗Q) ∩ ker(m⊗Q→ Q)
(pii−1 ⊗Q) ∩ ker(m⊗Q→ Q)
by fi(x) = piix˜ where x˜ is any lift of x in Im(ker(·pii : Q → Q) → Q0). Again one
checks directly that fi is a well-defined isomorphism and commutes with localization.
This proves our claim that [Q′0] = [Q0], which implies that the class [F0] is well defined.
Secondly we note that every short exact sequence of coherent sheaves on X will
have a formal model, i.e., a short exact sequence of O-flat finitely presented sheaves on
X . Indeed, consider 0→ F → G→ H → 0 a short exact sequence of coherent sheaves
on X. We choose a formal model of G, say G. Then F := F ∩G is a saturated finitely
presented (c.f. [BL93a, Proposition 1.1 and Lemma 1.2]) sheaf whose generic fiber is
F . Hence H := G/F is a O-flat finitely presented sheaf on X whose generic fiber is
H. Now because H is O-flat, after tensoring with k we get a short exact sequence
0 → F0 → G0 → H0 → 0. So we see this definition respects the relation coming from
short exact sequences. This proves our theorem.
Remark 3.1.3. From the proof of Theorem 3.1.2 we see that for any two choices of
formal models F i of F , we can define a decreasing filtration Fili(F10 ) and an increasing
filtration Fili(F20 ) along with maps φi : Fili(F10 ) → (F20 )/(Fili(F20 )) such that these
maps give rise to isomorphisms between Gri(F10 ) and Gri(F20 ). This will be used later,
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see Theorem 3.2.9.
From now on we will assume that X0 is projective, with a fixed ample invertible
sheaf H. Consider Spa(K ′, R′)→ Spa(K,O) as in the definition of the category V/K.
We may form a formal model of XK′ by taking X ×Spf O SpfOK′ . The special fibre of
this formal model will be X0 ×k k′ and carry the pullback of H which is still ample,
where k′ is the residue field of OK′ . Then we can define the Hilbert polynomial of a
coherent sheaf on X (or more generally Xad×Spa(K,O) Spa(K ′, R′)) in the following way:
Definition 3.1.4. For any coherent sheaf F on X, we define the Hilbert polynomial of
F to be
PH(F )(n) = χ(X0, Sp(F )⊗H⊗n)
where Sp is the specialization map of K groups from previous theorem.
More generally for any coherent sheaf F on Xad ×Spa(K,O) Spa(K ′, R′), we define
its Hilbert polynomial to be that of its restriction to Xad ×Spa(K,O) Spa(K ′,OK′) with
respect to the formal model X0 ×k k′ and the pullback of H.
Proposition 3.1.5. Suppose F ∈ Coh(X × S) is a flat family of coherent sheaves
on X parametrized by a quasi-compact quasi-separated connected rigid space S, and
suppose X0 is projective with an ample invertible sheaf H. Then any two fibres of F
will have the same Hilbert polynomial (i.e., the Hilbert polynomial is locally constant
in flat families).
More generally if F ∈ Coh(Xad×Spa(K,O)V ) is a flat family of coherent sheaves with
(V → Spa(K ′, R′)) ∈ V/K. Then the Hilbert polynomial function gives a partition of
V into union of connected components.
Proof. Let S be a formal model of S. Then X ×S is a formal model of X × S, and F
extends to a coherent sheaf F on X × S.
Applying [BL93b, Theorem 4.1], we see that after a possible admissible formal
blowing-up of S we may assume that F is flat over S. Hence F0 will be flat over S0.
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Then it follows from cohomology and base change (c.f. [Mum08a, Corollary 1 in Section
5]) that the reduction of two special fibers of F have the same Hilbert polynomial.
We see that the Hilbert polynomial is locally constant in a flat family, so the
statement above would still hold even if we do not assume quasi-compactness or quasi-
separatedness of S.
To prove the more general statement it suffices to notice that for a locally finite
type adic space V over Spa(K ′, R′), its connected components are in bijection with the
connected components of V ×Spa(K′,R′) Spa(K ′,OK′). Now by locally constancy in the
case of rigid space proved above, we see that the Hilbert polynomial gives rise to a
partition of V ×Spa(K′,R′) Spa(K ′,OK′) into union of connected components.
The above discussion already yields the following interesting consequence for the
geometry of non-archimedean Hopf surfaces, which were defined and studied by Voskuil
in [Vos91].
Proposition 3.1.6. Non-archimedean Hopf surfaces over a non-archimedean field have
no projective reduction.
Proof. In the paper [Vos91], Voskuil proved that there is a flat family of line bundles
on a Hopf surface parametrized by Gm where the identity in Gm corresponds to OX .
Moreover, he proved that there are infinitely many nontrivial (i.e., not isomorphic to
OX) line bundles in that family which possess sections.
Now suppose that a Hopf surface X has a projective reduction. Then we can
define Hilbert polynomials as above. Because Gm is connected, the line bundles it
parametrizes will have the same Hilbert polynomial by Proposition 3.1.5. Let L be
a nontrivial line bundle possessing a nontrivial section, so that we get an injection
0→ OX → L → Q→ 0. We observe immediately that the cokernel Q has zero Hilbert
polynomial, which means Q is a zero sheaf. This is a contradiction as L is assumed to
be a nontrivial line bundle.
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Using Hilbert polynomial we may define a natural partition on any moduli functor
of coherent sheaves, as illustrated below.
Definition 3.1.7. Assume X has a projective reduction and fix a projective reduction
X0 along with an ample line bundle on it. Let PicPX/K be the open and closed sub-
functor of PicX/K parametrizing line bundles having Hilbert polynomial the same as
that of OX .
Remark 3.1.8.
1. This is an open and closed sub-functor because of Proposition 3.1.5.
2. It is not clear to the author if the definition above depends on choices of the
projective reduction and the ample line bundle on it. The original purpose of
this paper was on the behavior of Pic0X , regarding this direction we do not have
to care about this issue.
3.2 Semistable reduction of coherent sheaves
In this section we prove a semistable reduction type theorem for semistable coherent
sheaves, following a similar method as in [Lan75]. Following [HL10], we make the
definitions below. From now on we will assume all the formal schemes appearing below
have projective special fibers.
Definition 3.2.1. Let F be an O-flat finitely presented sheaf on X .
1. The Hilbert polynomial of F is the Hilbert polynomial of F0.
2. The dimension of F is the dimension of its support, denoted as dimF .
3. The rank of F is the leading coefficient of its Hilbert polynomial divided by that
of OX , denoted as rk(F).
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4. F is said to be pure if any non-trivial coherent subsheaf of F with a O-flat
quotient has dimension n = dim(F).
5. The dimension of a coherent sheaf F on X is the dimension of its support. It is
called pure if any nonzero coherent subsheaf has the same dimension.
The following lemma describes the relation between pureness of a coherent sheaf
and pureness of its formal model.
Lemma 3.2.2. Let F be a coherent sheaf on X. The following are equivalent:
1. F is pure;
2. There is a formal model of F which is pure;
3. Any formal model of F is pure.
This lemma follows immediately from the fact that the category of coherent sub-
sheaves of F with morphisms being inclusions and the category of finitely presented
subsheaves of F with O-flat quotient and morphisms being inclusions are equivalent.
With one direction functor being intersecting with F and the functor of taking generic
fiber in the reverse direction. For the sake of completeness, let us record a proof below.
Proof. It suffices to show that given F , formal model of F , F is pure if and only if F
is pure. This is because formal model of a coherent sheaf always exists.
Now suppose G ⊂ F is a subsheaf with support of smaller dimension than that of
F , then G := F ∩ G is a subsheaf of F and is a formal model of G. Notice that a
O-flat finitely presented sheaf on X has flat support, hence the dimension of support
of G is the same as that of its generic fibre. One may check that G defined above, as a
subsheaf, satisfies the condition that F/G is O-flat, therefore making F not pure.
On the other hand, suppose G ⊂ F has flat quotient and the dimension of the
support of G is smaller than that of F . Then by flatness again, we see that the
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dimension of the support of Grig =: G ⊂ F is smaller than that of F . Therefore F is
also not pure.
Definition 3.2.3. Let F be an O-flat finitely presented sheaf on X .
1. F is said to be semistable if it is pure and for any finitely presented subsheaf
G ⊂ F we have p(G) ≤ p(F), where p(F) is the reduced Hilbert polynomial, i.e.
Hilbert polynomial divided by its leading coefficient, of a finitely presented sheaf
F . Here p(G) ≤ p(F) means coefficient-wise. We denote the (k+1)-th coefficient
of the reduced Hilbert polynomial of F by ak(F).
2. Let f = xn + b1x
n−1 + · · ·+ bn be the reduced Hilbert polynomial of the maximal
destabilizing sheaf of F0. We define the maximal destabilizing sheaf of codimen-
sion k of F0 as the maximal subsheaf B ⊂ F0 such that ai(B) = bi for all
1 ≤ i ≤ k. The existence of the maximal destabilizing sheaf of codimension k is
guaranteed by Harder–Narasimhan theory.
3. F is semistable of codimension k if for any coherent subsheaf G ⊂ F with O-flat
quotient, we have ai(G) ≤ ai(F) for all 1 ≤ i ≤ k.
4. The semistable codimension of F is the biggest k for which F is semistable of
codimension k.
5. We make similar definitions for a coherent sheaf F on X.
For a reference of Harder–Narasimhan theory, one may consult [HL10, Section 1.3].
Remark 3.2.4. One word on the existence of Harder–Narasimhan filtration in the rigid
setup is necessary. One can check the proof of existence and uniqueness of Harder–
Narasimhan filtrations in the algebraic setup (c.f. [HL10, Theorem 1.3.4]) to see that
we only need Noetherianness of coherent sheaves and additivity of Hilbert polynomial
(with respect to short exact sequences) to do that. In the rigid setup both properties
still hold.
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Lemma 3.2.5. Let F be a coherent sheaf on X. The following are equivalent:
1. F is semistable of codimension k;
2. There is a formal model of F which is semistable of codimension k;
3. Any formal model of F is semistable of codimension k.
Proof. The proof is the same as that of the previous lemma.
Definition 3.2.6. Let F be an O-flat finitely presented sheaf on X . Consider an
exact sequence 0 → B0 → F0 → G0 → 0 of coherent sheaves on X0. We say such a
sequence is liftable modulo pi ∈ m if there is an exact sequence of finitely presented
sheaves 0→ B → F ⊗O/(pi)→ G → 0 whose special fiber is the given sequence above
with G flat over O/(pi).
Lemma 3.2.7. Let F be an O-flat finitely presented sheaf on X . Consider 0→ B0 →
F0 → G0 → 0, a short exact sequence of coherent sheaves on X0.
1. If Hom(B0,G0) = {0}, there exists a biggest (in the sense of having maximal
valuation) pi ∈ m such that the sequence is liftable modulo pi. Here pi could be 0,
by which we mean the sequence can be lifted all the way to O.
2. In the following, assume the pi above is not 0. Let F (1) be the kernel of the
composition F → F ⊗O/(pi)→ G. Then F (1) is finitely presented, and we have
a short exact sequence 0 → G → F (1) ⊗ O/(pi) → B → 0. Furthermore, F/F (1)
is pi-torsion.
3. Moreover the reduction of our short exact sequence above 0 → G0 → F (1)0 →
B0 → 0 does not split.
Proof. Proof of (1). For any pi ∈ m\{0}, we may consider the Quot scheme Qpi =
QuotFpi/Xpi/Opi
1. They are locally finitely presented schemes over Spec(O/(pi)) satisfying
1For a discussion about Quot schemes, one may consult [HL10, Section 2.2], [Nit05] and [Sta19,
Section 09TQ].
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base change proper: Qpi ⊗O/(pi) O/pi′ = Qpi′ whenever 0 < |pi| < |pi′| < 1. Hence
they form a locally finitely presented formal scheme Q = QuotF/X/O. The special
fibre Q0 = Q ⊗O k of Q is the Quot scheme QuotF0/X0/O0 . Let us denote the point
corresponding to F0  G0 by P ∈ Q0(k). By [HL10, Proposition 2.2.7], we know that
our condition implies the tangent space TPQ0 is zero dimensional. Hence we know the
component of Q corresponding to P is of the form Qp = Spec(O/(pi)) which means
exactly that our sequence is liftable modulo pi but not modulo an element with bigger
valuation.
Proof of (2). We consider piF (1) ⊂ piF ⊂ F (1), whose corresponding quotients give
us a short exact sequence
0→ G = piF/piF (1) → F (1) ⊗O/(pi) = F (1)/piF (1) → B = F (1)/piF → 0
which is what we want, and it is immediate that F/F (1) is pi-torsion.
Proof of (3). Suppose on the contrary that the sequence 0→ G0 → F (1)0 → B0 → 0
splits, so that we have F (1)0 ' G0 ⊕ B0 and we may view B0 as a subsheaf in F (1)0 .
Because the maximal ideal m is the colimit of principal sub-ideals (pi′), by a limit
argument we have 0 → B′ → F (1)/pi′F (1) → G ′ → 0 for some pi′ ∈ m where G ′ is flat
over O/pi′, and we may choose pi′ so that the composite piF ↪→ F (1)  G ′ is surjective.








0 // B′ // F (1)/pi′F (1) // G ′ // 0
We claim that the exact sequence
0→ B˜ → F/pipi′F → G˜ → 0
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is flat over O/pipi′, which would contradict the maximality of (the valuation of) pi.
Indeed, by considering B˜ ⊂ F (1)/pipi′F ⊂ F/pipi′F , we get 0 → G ′ → G˜ → G → 0.
To prove G˜ is flat over O/pipi′ it suffices to show that the map G˜ → G is the same as
tensoring O/pi, which in turn is equivalent to saying B˜ + piF/pipi′F = F (1)/pipi′F , and
this equality follows from the fact that the composite piF ↪→ F (1) → G ′ is surjective.
The key result of this section is the following theorem which generalizes Langton’s
result in [Lan75]. This theorem and the proof of it is very much inspired by [HL10,
Section 2.B].
Theorem 3.2.8. Let X be a rigid space with a formal model X . Assume X0 is projec-
tive with a fixed ample invertible sheaf H.
1. Let F be a pure coherent sheaf on X. Then there exists a formal model F on X
with reduction F0 pure on X0. Conversely, if F admits a formal model F with
pure reduction, then F itself is pure.
2. Let F be a semistable coherent sheaf on X. Then there exists a formal model
F on X with reduction F0 semistable on X0. Conversely, if F admits a formal
model F with semistable reduction, then F itself is semistable.
Before giving the proof, let us say some informal idea of the proof here. We want to
construct a formal model of our coherent sheaf so that its special fibre is as nice as the
generic fibre. The idea is to start with an arbitrary formal model and keep modifying
it so that at each step the special fibre becomes better with respect to the properties
we want it to have. This is achieved by using Lemma 3.2.7 above. Lastly we have to
show that this process must terminate in finitely many steps. The key technique we
use to achieve this is provided by the duality theory, especially the theory of reflexive
hulls (c.f. [HL10, Section 1.1]).
Proof. Proof of (1). We choose an arbitrary formal model F on X ; by Lemma 3.2.2
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we know F is pure. Now we want to find a finitely presented subsheaf F ′ ⊂ F with
torsion quotient and special fiber F ′0 pure on X0.
Let B0 ⊂ F0 be the maximal coherent subsheaf whose support is not of dimension
dim(F ) (from now on we will call it the maximal torsion subsheaf of F0) and denote
the quotient by G0. It is easy to see that Hom(B0,G0) = 0, so applying Lemma 3.2.7 to
the short exact sequence 0 → B0 → F0 → G0 → 0 gives a finitely presented subsheaf
F (1) ⊂ F and a short exact sequence 0 → G0 → F (1)0 → B0 → 0. After repeatedly
applying the above procedure, we will obtain a sequence of finitely presented sheaves
F = F (0) ⊃ F (1) ⊃ · · · .
Note that all of the F (i)0 ’s have the same Hilbert polynomial. We get short exact
sequences
0→ B(i)0 → F (i)0 → G(i)0 → 0
and
0→ G(i)0 → F (i+1)0 → B(i)0 → 0.
We claim that after finitely many steps the maximal torsion subsheaf of F (i)0 , denoted
by B(i)0 , will have either dimension or rank smaller than that of B0. According to this
claim, after N steps, B(N)0 will be 0. This implies F (N)0 contains no maximal torsion
subsheaf, hence is pure.
Suppose otherwise. Then because Gi0 ∩ B(i+1)0 = 0, we have an infinite chain of
inclusions
G = G(0)0 ↪→ G(1)0 ↪→ · · ·
and
B = B(0)0 ←↩ B(1)0 ←↩ · · · .
We are assuming all of the B(i)0 ’s have the same dimension and rank as those of B0.
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By Lemma 3.2.7 (3), all the inclusions above are not isomorphisms. We notice that
PH(G(i+1)0 )−PH(G(i)0 ) = PH(B(i)0 )−PH(B(i+1)0 ) and the dimension of B(i)0 is smaller than
the dimension of G(i)0 . Hence by our assumptions, the G(i)0 ’s only differ in codimension
≥ 2, therefore they have the same reflexive hull GDD0 . Viewing G(i)0 as an infinite
increasing chain of subsheaves of GDD0 , we find a contradiction with the Noetherianness
of GDD0 .
The converse part is easy. Suppose G ⊂ F is a coherent subsheaf with support of
lower dimension than dim(F ). Then G := G∩F gives a contradiction to the assumption
that F0 is pure.
Proof of (2). By the first part of our theorem and Lemma 3.2.5, we can choose
a formal model F such that it is semistable and its special fiber F0 is pure on X0.
Now we want to find a finitely presented subsheaf F ′ ⊂ F with torsion quotient and
special fiber F ′0 semistable on X0. Starting from F = F (0), we will do induction on the
semistable codimension of F0 which we denoted as k(F0).
We denote the maximal destabilizing sheaf of codimension k(F0) + 1 in F0 by
B0, and the quotient by G0. It is easy to see that Hom(B0,G0) = 0. Then applying
Lemma 3.2.7 to the short exact sequence 0 → B0 → F0 → G0 → 0, we get a finitely
presented subsheaf F (1) ⊂ F and a short exact sequence 0 → G0 → F (1)0 → B0 → 0.
It is easy to see that k(F (1)0 ) ≥ k(F0). After repeatedly applying the above procedure
we will obtain a sequence of finitely presented sheaves
F = F (0) ⊃ F (1) ⊃ · · · .
Moreover, we will get short exact sequences
0→ B(i)0 → F (i)0 → G(i)0 → 0
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and
0→ G(i)0 → F (i+1)0 → B(i)0 → 0.
We claim that after repeating the above procedure finitely many times B(i)0 , the maximal
destabilizing sheaf of codimension k(F0) + 1, will have either rank or ak+1 smaller than
that of B0. Recall that rank takes values in N and ak+1 takes values in Z(n·deg(X0))! .
Hence according to our claim, after N steps, ak+1(B(N)0 ) = ak+1(F (N)). This implies
F (N)0 is semistable of codimension at least k(F0) + 1. By induction we would be done.
Now we prove our claim. Suppose all of the B(i)0 ’s have non-decreasing rank and
ak+1. In that situation, by considering the injection
B(i+1)0
Gi0∩B(i+1)0
↪→ B(i)0 we see that
Gi0∩B(i+1)0 = 0. Therefore we may assume all of the B(i)0 ’s have the same rank and ak+1
as those of B0. Hence we will get an infinite chain of inclusions
G = G(0)0 ↪→ G(1)0 ↪→ · · ·
and
B = B(0)0 ←↩ B(1)0 ←↩ · · · .
By Lemma 3.2.7 (3), none of the inclusions above are isomorphisms. We note that
PH(G(i+1)0 ) − PH(G(i)0 ) = PH(B(i)0 ) − PH(B(i+1)0 ) and by our assumption the B(i)0 ’s only
differ in codimension ≥ 2. Hence we see that the G(i)0 ’s also only differ in codimension
≥ 2, therefore they have the same reflexive hull GDD0 . Viewing G(i)0 as an infinite
increasing chain of subsheaves in GDD0 , we find a contradiction with the Noetherianness
of GDD0 .
The converse direction is the same as the proof of the first part.
Theorem 3.2.9. In the situation above, if F1 and F2 are two formal models with
semistable reductions, then their reductions F10 and F20 are S-equivalent.
Proof. Suppose F1 and F2 are two formal models with semistable reductions. Then
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by Remark 3.1.3 we see that there is a decreasing filtration on F10 and an increasing
filtration on F20 , along with exact sequences








Because both F10 and F20 are semistable with the same Hilbert polynomial, by induction
on the number of filtrations we see that Fili(F10 ), F20/FiliF20 , Gri(F10 ) and Gri(F20 )
are all semistable with the same Hilbert polynomial. Now by Remark 3.1.3 we have
isomorphisms between Gri(F10 ) and Gri(F20 ). Putting the above together, we see that
F10 and F20 are S-equivalent.
Similarly one can prove the following theorem, which generalizes Langton’s theorem
to the case of arbitrary valuations.
Theorem 3.2.10. Let X → Spec(R) be a flat projective finitely presented scheme over
a valuation ring R. Let FK be a semistable sheaf on XK. Then there exists a coherent
sheaf F on X with generic fiber FK and special fiber F0 semistable on X0. Moreover
any two such coherent sheaves have S-equivalent special fibers.
Proof. The proof is almost the same, the only subtlety being that a finitely presented
algebra over a valuation ring is always coherent (c.f. [Gla89, Theorem 7.3.3]).
Remark 3.2.11. One can use the above method to prove other semistable reduction
type theorems. For example, semistable reduction for multi-filtered vector spaces or
quiver representations. The former case has been worked out by the author in [Li17b],
and is included in this thesis as Chapter 4. There is a slight subtlety as the category
of multi-filtered vector spaces is not abelian.
Remark 3.2.12. Every line bundle is automatically stable, so by Theorem 3.2.8 one can
always find a formal model of a given line bundle with a semistable reduction. This





In this chapter, we discuss a toy model of the previous Section 3.2.8. This is based on
the author’s preprint [Li17b].
Throughout this chapter, O will be a valuation ring. We denote Frac(O) by K
and O/m by k. For an O module M, we denote MK = M ⊗O K and M = M ⊗O k.
Also for an O/pi module M˜ we still denote M = M˜ ⊗O/pi k for some pi ∈ m. Unless
stated otherwise, all the modules considered in this chapter will be finitely presented
over corresponding ring.
4.1 semistable multi-filtered vector spaces
Definition 4.1.1. A multi-filtered vector space (V,Fil•i ) over a field F is a finite di-
mensional F -vector space V together with finitely many filtrations Fil•i , 1 ≤ i ≤ n,
such that for all i the filtration Fil•i is
1. decreasing,




V = Fil0i ⊇ Fil1i ⊇ · · · ⊇ Fillii = 0.
For any subspace (resp. quotient) W of V , we give the obvious induced multi-
filtration on them.






j · dim(Filji /Filj+1i ).





• A multi-filtered vector space (V,Fil•i ) is called semistable if for any nonzero sub-
space W ⊆ V , we have µ(W ) ≤ µ(V ).
If M is an O-lattice of a multi-filtered K-vector space (M⊗O K,Fil•i ), we will still
denote the induced filtration Fil•i ∩M on M by Fil•i . And we use the notation Fil•i (resp.
F˜il•i ) to denote the induced filtration on M (resp. M˜ = M ⊗O O/pi for some pi ∈ m).
We call such a M an integral model of (M⊗O K,Fil•i ).
The main theorem of this section is the following analogue of Langton’s theorem in
the setting of multi-filtered vector spaces.
Theorem 4.1.3 (semistable reduction for multi-filtered vector spaces). Let K be a
valued field. For any semistable multi-filtered vector space (V,Fil•i ), there exits an
integral model (M,Fil•i ) such that its reduction M with its induced filtration is again
semistable.
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For technical reason, let us make the following definition.
Definition 4.1.4. A submodule of On (resp. (O/pi)n) is said to be saturated if the
quotient is flat over O (resp. O/pi).
Definition 4.1.5. Let M be an O-lattice of a multi-filtered K-vector space (M ⊗O
K,Fil•i ) with its induced filtrations. Given a short exact sequence of k-vector spaces
0→ B→ M→ G→ 0
we say it is liftable modulo pi ∈ m if there exists a short exact sequence of O/pi-modules.
0→ B˜→ M˜ = M/(piM)→ G˜→ 0
such that
1. G˜ is flat over O/pi
2. this sequence reduces to the above sequence and
3. F˜ilji ∩ B˜ surjects onto Filji ∩ B.
Lemma 4.1.6. If there is only one filtration F• on M, then any short exact sequence
0 → B → M → G → 0 is liftable, i.e., there exists short exact sequence of O-modules
0→ B→ M→ G→ 0 such that
1. G is flat over O
2. this sequence reduces to the above sequence
3. F• ∩ B surjects onto F• ∩ B.
Moreover, fix one lifting and splitting M = B⊕G, then all different liftings are graphs
of morphisms in mHomF•(B,G).
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Proof. Choose a basis of Fi∩B and lift them inside Fi. Then we lift the rest of a basis
of B arbitrarily. Let B be the sum of respective liftings. By construction B satisfies
(2) and (3). Note that B is a saturated O-submodule in M, hence (1) is also satisfied.
If one has another lifting 0→ B′ → M→ G′ → 0, then the projection from B′ to B
must be an isomorphism as guaranteed by Nakayama’s lemma. Then this lifting B′ is
just a graph of some morphism f ∈ Hom(B,G). (3) implies that this morphism must
preserve induced filtration. (2) implies that this morphism must have target mG. So
we see that f ∈ HomF•(B,mG) = mHomF•(B,G). By the same reasoning any such f
would give rise to a lifting satisfying (1), (2) and (3).
The second half of the lemma above can be generalized to multi-filtered situation
in the following way:
Lemma 4.1.7. In the situation of 4.1.5, suppose 0 → B → M → G → 0 is liftable
modulo pi ∈ O, and fix a splitting M˜ = B˜⊕ G˜. Then all different liftings correspond to
graphs of morphisms in HomFil•(B˜, G˜) ∩mHom(B˜, G˜).
It’s nice to prove the following lemma directly:
Lemma 4.1.8. In the situation of the lemma above, HomFil•(B˜, G˜) is always a finitely
generated (O/pi)-module.
Proof. We will prove by induction on the number of filtrations. The homomorphisms
preserve all the n filtrations are exactly those preserve the first n − 1 filtrations and
preserve the last filtration. Hence as a submodule of Hom(B˜, G˜) (which is abstractly
isomorphic to (O/pi)n), we see that
HomFil•1,...,Fil•n(B˜, G˜) = HomFil•1,...,Fil•n−1(B˜, G˜) ∩ HomFil•n(B˜, G˜)
By induction hypothesis we see that HomFil•1,...,Fil•n−1(B˜, G˜) is a finitely generated sub-
module of Hom(B˜, G˜) and by Lemma 4.1.6 HomFil•n(B˜, G˜) is a saturated submodule of
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Hom(B˜, G˜). Therefore it suffices to prove that the intersection of a finitely generated
submodule H1 and a saturated submodule H2 of H = (O/pi)n is again finitely gener-
ated. Fix a splitting H = H2⊕H3, we see that H1∩H2 is the kernel of projection map
H1 → H3. This is finitely generated because O/pi is a coherent ring.
Lemma 4.1.9. Let H = (O/pi)N . Let H1 be a finitely generated submodule in H and
let H2 be a saturated finitely generated submodule in H. Then







where the direct sum is finite and pi′i, pij ∈ m− {0}.
Proof. Because H2 is saturated, we may assume that H = H2 ⊕ H3. Then we see
H ′ := H/mH2 = H2/mH2 ⊕ H3, and let us fix a basis of H3 as {fi}. Notice that
H1 ∩ mH = H1 ∩mH, where “bar” of a module denote its image in H/mH2. Let us
consider the image of H1 (suppose there are L generators) inside H
′. Project further
to H ′2 := H2/mH2, we may assume the image of the first l generators form a basis
of the image in H ′2. Without loss of generality we can now assume the image of the




aijfj, where e1, . . . , el is the image of
the first l generators.
Now let us perform Gauss elimination carefully as following: choose aij with small-
est valuation (if it is possible then we would prefer to a choice with i > l), then do
Gauss elimination to cancel all the other fj coordinates appearing in other generators.
Keep doing this procedure. After rearranging basis of both H ′2 and H3, we can assume
the image of L generators of H1 in H
′ are of the form ei + pi′ifi and pijfj. Now we can
finally conclude that the quotient is of the form as stated in this lemma.
Lemma 4.1.10. In the situation of 4.1.5, there exists a pi ∈ m with biggest valuation
such that the sequence can be lifted modulo pi.
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Proof. Let us do induction on the number of filtrations. Suppose there exists a pi′
with biggest valuation such that the first n − 1 filtrations are lifted, say, 0 → B˜ →
M˜ = M/(piM) → G˜ → 0. Let us fix a splitting M˜ = B˜ ⊕ G˜. By Lemma 4.1.6, the
n-th filtration can be lifted modulo pi also. By the same reasoning as in Lemma 4.1.6,
these two liftings differ by an A ∈ mHom(B˜, G˜) := mH. Both of these two lift-
ings are not unique. They differ by elements in H1 ∩ mH and H2 ∩ mH = mH2,
where H1 = HomFil1,...,Filn−1(B˜, G˜) which is finitely generated by Lemma 4.1.8 and
H2 = HomFiln(B˜, G˜) which is saturated. We see that by Lemma 4.1.9, H/(H1 ∩mH +
mH2) = ⊕O/pik
⊕⊕O/pi′km in which residue of A lives. The coordinates of residue of
A generate a principal ideal (pi) in (O/pi′). Because A ∈ mH we see that pi ∈ m. It is
easy to see that pi satisfies the lemma.
The following lemma will give another characterization of liftable modulo pi.
Lemma 4.1.11. Given 0 → B → M → G → 0 in the situation of 4.1.5. Then the
following are equivalent:
1. the sequence above is liftable modulo pi
2. there exists a splitting M = B⊕G that reduces to the above sequence and for all
v ∈ B ∩ Fili there exists a lifting v ∈ Fili such that p2(v) ∈ piG where p2 is the
obvious projection onto G.
3. the same as above except v only have to run over a set of chosen basis of the
induced filtration.
Proof. (2) and (3) are obviously equivalent by finiteness of dimension and linearity.
(1) implies (2): liftable means one can find splitting M˜ = B˜⊕ G˜, lift this splitting
over O we see that (2) is fulfilled.
(2) implies (1): one just modulo this lifting by pi.
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Now we are ready to prove the analogue of Langton’s theorem for multi-filtered
vector spaces.
Proof of the Theorem 4.1.3. Choose an arbitrary integral model of (V,Fil•i ), let us de-
note it as (M,Fil•i ). Then consider its reduction M with induced multi-filtrations. If
it is semistable, then we are done. Otherwise, there is a maximal destabilizing sub-
space B inside M (cf.[JH, Lemma 2.5]): 0 → B → M → G → 0. By Lemma 4.1.10
there exists a pi with biggest valuation, such that the sequence above is liftable mod-
ulo pi. Then pi is not 0 because (V,Fil•i ) is semistable. Let us denote a lifting as
0→ B˜→ M˜ = M/(piM)→ G˜→ 0. This lifting gives us a splitting M˜ = B˜⊕ G˜, we can
and do lift this splitting further to get M = B⊕G. Let M′ = ker(M→ G˜) be another
integral model.













tensoring with κ gives
0→ G→ M′ → B→ 0
After computing in the single filtered case we see that it is a sequence of multi-filtered
vector spaces.
We claim that there is no splitting B→ M′ as multi-filtered vector spaces. Other-
wise there exists such a splitting h : B → M′. Then lift this splitting to a morphism
h : B → piG. Now let us consider the splitting M = Γh ⊕ G. Let v ∈ B ∩ Fi, then
by assumption we can lift h(v) to v ∈ Fi and h(p1(v)) − p2(v) ∈ pimG. Hence under
the new splitting M = Γh ⊕ G, p′2(v) ∈ pi′G for some pi′ ∈ pim where p′2 = h ◦ p1 − p2
is the new obvious projection onto G. Now by Lemma 4.1.11 we can lift the original
sequence modulo pi′ for some pi′ ∈ pim contradicting our assumption that pi has the
biggest valuation modulo which one can lift the sequence.
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Our last claim is that the maximal destabilizing subspace B′ of M′ has either slope
or dimension less than B. Denote the image of B′ in B by Im(B′). We have
µ(B′) ≤ w(B
′ ∩G) + w(Im(B′))
dim(B′)
≤ dim(B
′ ∩G)× µ(B) + dim(Im(B′))× µ(B)
dim(B′)
= µ(B)
where the first equality can be obtained only if B′ ∩ G = 0. In that case, we see
immediately that w(B′) ≤ w(Im(B′)) where equality is obtained only if B′ is a section
of its image inside B as a multi-filtered vector space. Therefore if µ(B′) = µ(B) then B′
is isomorphic to Im(B′) (as two multi-filtered vector spaces) which is a proper subspace
of B (by last paragraph). Hence in the situation of µ(B′) = µ(B) the dimension of B′
must be strictly less than that of B.
Because the ranges of slope and dimension are finite, after doing the procedure
above finitely many times, we see that the reduction would become semistable.
4.2 Stacks of semistable multi-filtered vector bun-
dles
In this section, let us make the following definition.
Definition 4.2.1. Fix two natural numbers s and n and s non-decreasing functions
li : N → {0, . . . , n} such that li(0) = 0 and li(∞) = n, we call such a datum type and
denote it as (s, n; li).
Given a type (s, n; li), we can consider the stack M(s,n;li) which associates any
scheme X the groupoid of multi-filtered rank n vector bundles of type (s, n; li) on X,
i.e., there are s decreasing exhaustive separated filtrations Fil•j satisfying the following
two properties:




i are flat over X;
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2. the ranks of Filji are n− li(j).
It is not hard to see that M(s,n;li) = [
∏
i Fl(n; li)/GLn] where Fl(n; li) is the flag
variety with numerical conditions as above. Therefore the stackM(s,n;li) is an algebraic
stack and it is quasi-separated and of finite type over Spec(Z).





i Fl(n; li) whose points correspond
to semistable multi-filtered vector spaces. As being semistable is independent of




s.s./GLn] inM(s,n;li) which is just the stack of rank n multi-filtered vector
bundles of type (s, n; li) whose fibers are semistable.
Theorem 4.2.2. M(s,n;li)s.s. is a quasi-separated algebraic stack which satisfies the
existence part of the valuative criterion (c.f. [Sta19, Tag 0CL9]) over Spec(Z).
Proof. From the discussion before theorem we know that M(s,n;li)s.s. is an algebraic
stack quasi-separated and of finite type over Spec(Z). By our Theorem 4.1.3, we see




Proof of the Main Theorem
This chapter is devoted to the proof of the Main Theorem 1.3.3.
5.1 The auxiliary space W
Assume X0 is a projective variety over k and fix an ample invertible sheaf H. Let P
be the Hilbert polynomial of OX0 . Then for every γ ∈ Γ we denote the moduli stack
of finitely presented sheaves with semistable geometric fiber of Hilbert polynomial P
on Xγ/Oγ by Mγ. The existence of such a stack will be justified in the following,
as we do not assume Xγ/ Spec(Oγ) to be projective. Nevertheless we know that M0,
the algebraic stack of semistable coherent sheaves of Hilbert polynomial P , is an open
substack of |CohX0/ Spec(k)| = |CohXγ/Spec(Oγ)|. Therefore we can define Mγ to be the
corresponding open substack in CohXγ/Spec(Oγ). For general theory concerning the stack
of coherent sheaves, we refer to [Sta19, Tag 09DS].
By the description of the functors we know thatMγ×OγOγ′ =Mγ′ for any γ′ ≤ γ,
so the Mγ’s form a projective system of algebraic stacks. Langer has shown that M0
is a quasi-compact algebraic stack (c.f. [Lan04, Theorem 4.4]). In particular, for a
chosen pseudo-uniformizer pi ∈ m we can find a smooth surjection Wpi → Mpi where
Wpi = Spec(A1) is an affine scheme of finite presentation over Opi. The following is a
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result of Emerton which is the key of this subsection.
Proposition 5.1.1 (Emerton, [Sta19, Tag 0CKI]). Let X ⊂ X ′ be a first order thick-
ening of algebraic stacks. Let W be an affine scheme and let W → X be a smooth





X // X ′
with W ′ → X ′ smooth.








where Wi = Spec(Ai) ↪→ Wi+1 = Spec(Ai+1) is the thickening defined by pii. Now
A′ = lim←−Ai is a topologically finitely generated O-algebra, and A = A
′/(pi-torsions) is
a topologically finitely presented O-algebra by [BL93a, Proposition 1.1 (c)]; denote its
formal spectrum Spf(A) =W and let W =Wrig be its associated rigid analytic space
which is an affinoid space. This is the auxiliary space we want. By the description of
functors, we have a system of Wi-flat coherent sheaves Fi on Xpii ×Opii Wi. Therefore
we get a W-flat finitely presented sheaf F = (lim←−Fi)/(pi − torsions) (c.f. [BL93a,
Lemma 1.2 (c)]) on X ×OW , and taking generic fiber gives us a W -flat coherent sheaf
F univ = F rig on X ×W .
We can also define Ri = Wi ×Mpii Wi, R = (lim−→Ri)/(pi-torsions) and R = R
rig.
Note that we will get an equivalence relation R⇒ W .
Question 5.1.2. Can one make sense of “W/R” and prove it is the rigid stack of
semistable coherent sheaves on X of Hilbert polynomial P?
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5.2 Determinant construction
In this subsection, we will explain the determinant construction which associates a
flat family of coherent sheaves on a smooth proper rigid variety to a flat family of line
bundles. This is well known to the experts and is written down in [KM76]. For reader’s
convenience we will briefly introduce the construction in the following.
The following lemma is a disguise of [Sta19, Tag 068x], and is the starting point of
our determinant construction.
Lemma 5.2.1. Let X → S be a smooth map of rigid spaces of relative dimension
d, and let F be an S-flat coherent sheaf on X. Then F is perfect as a complex of
coherent sheaves on X, i.e., we can find an admissible covering of X such that on each
admissible open F can be resolved by locally free coherent sheaves. In fact the length of
each resolution is at most d.
Proof. We may reduce to the situation where X = Sp(B) → S = Sp(A) is smooth in
rigid sense and F is given by a finitely generated B-module M . Now we meet every
condition in [Sta19, Tag 068x] except for (2), but we have a replacement: for every
maximal ideal n ⊂ A the ring B ⊗A κ(n) has finite global dimension ≤ d. Because
it suffices to check the local tor dimension of M is ≤ n at maximal ideals m ⊂ B
and every maximal ideal in Spec(B) is mapped to a maximal ideal in Spec(A), our
replacement condition will make the original argument in the stacks project work.
Let X → S be a smooth proper map of rigid spaces of relative dimension d where
S is an affinoid and F an S-flat coherent sheaf on X. Then we can find an admissible
covering U = {Ui = Sp(Ai)} of X such that on each Ui we can find a projective
resolution of F of length at most d:
K•i → F |Ui → 0.
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, where by det(K) of a locally free sheaf
K we mean its top rank self wedge product. Now on the overlap Uij = Ui ∩Uj, we get
two resolutions of F |Uij . So we get a quasi-isomorphism
Φij : K
•
i |Uij → K•j |Uij
which induces a canonical isomorphism
φij : (det(F )|Ui)|Uij → (det(F )|Uj)|Uij .
Moreover φij only depends on the homotopy class of Φij (c.f [KM76, Theorem 1 and
Proposition 2]). On triple intersection Ui∩Uj ∩Uk the composition of chosen maps be-
tween resolutions Φki◦Φjk◦Φij is homotopic to the identity, hence the cocycle condition
is satisfied automatically. Therefore the φij’s give rise to gluing datum of det(F )|Ui .
We just need the following two easy properties of this determinant construction.
Proposition 5.2.2.
1. Let L be a line bundle on X. Then we have a canonical isomorphism
L = det(L).
2. Let f : T → S be an arbitrary morphism of rigid spaces. Then we have a
canonical isomorphism
det(f ∗F ) = f ∗(det(F )).
5.3 Proof of the Main Theorem
Before proving our Main Theorem, let us fix the notations. Let K ′ be a finite extension
of K. Denote by {}′ the base change of corresponding objects from K (resp. O) to K ′
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(resp. O′ = OK′). Recall that in Subsection 5.1, right after Proposition 5.1.1, we have
introduced W and Funiv.
Proof of the Main Theorem 1.3.3. It suffices to prove that PicPX/K is a bounded functor
by Theorem 2.3.5. Consider F univ on X ×W which is a W -flat coherent sheaf. The
determinant construction gives us a W -flat line bundle on X ×W , hence a map det :
W → PicPX/K . We claim this map is a surjection on classical Tate points. This means
that for every T ∈ PicPX/K(K ′) we can find a preimage of T in W (K¯ ′), where K ′ is a
finite extension of K with O′ ∩K = O.
Indeed, T corresponds to a line bundle L on XK′ with Hilbert polynomial the same
as that of OX . Then by Theorem 3.2.8 we see that L has a formal model F ′ on XO′
where F ′0 is semistable. Note that F ′0 automatically has Hilbert polynomial the same as
that of OX0 by Theorem 3.1.2. F ′ gives rise to the maps si from bottom row to middle
row in the diagram 5.1 below, where the subscript i here means the pii+1-level of corre-
sponding objects with pi chosen as in Section 5.1. As the map W ′0 →M′0 is surjective
and of finite presentation, after a further (unramified) finite extension of K ′ (for sim-
plicity we will still call it K ′ below) we can lift the map s0 to σ0 : Spec(O′/(pi))→W ′0.




  //W ′1
f1

















  // · · ·
(5.1)
Therefore we get a map σ : O′ → W , taking generic fiber gives us a K ′-point Q ∈
W (K ′). By Proposition 5.2.2 we see that det(Q) = T . This completes our proof.
Remark 5.3.1. Our method actually proves W → PicPX/K is a surjection on analytic
(i.e. rank 1) points.
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Proof of Theorem 1.3.1. Since Pic0X/K is a connected component of Pic
P
X/K , it suffices





In this chapter and the next chapter, we report a joint work with D. Hansen [HL17].
This chapter corresponds to Section 1 and 3 of loc. cit. Throughout this chapter we
will take K to be a non-archimedean field extension of Qp.
6.1 Hodge asymmetry
Let K be a p-adic field, i.e. a complete discretely valued extension of Qp with perfect
residue field κ1. Let X be a smooth proper rigid analytic space over K. In this chapter,
we study the relationship between the Hodge numbers h1,0 and h0,1 of X.
For a compact complex manifold Y , we always have dimH1(Y,OY ) ≥ dimH0(Y,Ω1Y )d=0
(c.f.
[BHPVdV04, Chapter IV, Section 2]). In the rigid analytic setting, Scholze proved that
the Hodge–de Rham spectral sequence always degenerates at E1, and in particular ev-
ery global 1-form on X as above is automatically closed (c.f. [Sch13, Theorem 8.4]).
One is naturally led to guess that for X as above we always have dimH1(X,OX) ≥
dimH0(X,Ω1X). In this chapter we confirm this inequality assuming that X has a
1Note that the perfectness assumption of the residue field here is not essential, as Hodge numbers
does not change under ground field extension.
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strictly semistable formal model (c.f. [HL00, Section 1]) and provide a geometric inter-
pretation of the difference.
Theorem 6.1.1. Under the conditions stated above, we have
dimH1(X,OX) ≥ dimH0(X,Ω1X).
Moreover, the difference between two numbers above is the virtual torus rank of the
Picard variety of X (to be defined in the next section).
Remark 6.1.2.
1. It is true (although hard to prove) that possessing strictly semistable reduction
is stable under finite flat base extension, hence the theorem is insensitive to finite
extensions of the ground field. Therefore we may and do assume that X has a
K-rational point x : Sp(K)→ X. We will fix this rational point from now on.
2. The proof relies crucially on the assumption that X has a strictly semistable
formal model, which we use to determine the structure of the Picard variety of
X, c.f. Theorem 2.1.1 below. We certainly expect that the structure of the Picard
variety should be of this shape in general. However, it is also a long standing
folklore conjecture that any quasi-compact smooth rigid space potentially admits
a strictly semistable formal model.
3. Assuming a result in progress by Conrad–Gabber along with the semistable re-
duction conjecture above, the Theorem 6.1.1 holds for any smooth proper rigid
space over any complete non-archimedean extension of Qp.
6.2 Hodge symmetry
LetX be a smooth proper rigid variety admitting a formal model with projective special
fiber. The Theorem 1.3.1 implies that the Picard variety of X is automatically proper.
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Combining this with Lu¨tkebohmert’s structure theorem (c.f. [Lu¨t95]) for smooth proper
rigid groups and the p-adic comparison results of [Sch13], we deduce the following:
Theorem 6.2.1. Let X be a smooth proper rigid space over a p-adic field K. Assume




1. In this Theorem, we do not need to assume that X has potentially semistable
reduction.
2. By a result in progress of Conrad–Gabber we may generalize this Theorem to
the situation where K is an arbitrary non-archimedean field extension of Qp.
Indeed, let X be a formal model of X with projective special fibre X0 ⊂ Pnk .
Then there exists pi ∈ m such that p ∈ piOK and Xpi is also a projective variety
over Spec(O/pi)





By a standard argument, there exists a finite type Fp-algebra A with a morphism
φ : A→ O/pi and a diagram such that the diagram over O/pi is pullback along φ





Now the work of Conrad–Gabber would produce a proper flat family of formal
schemes Y → Z of topologically finite type over Zp whose reduction is a relative
projective family XU → U where U ⊂ Spec(A) is a (non-empty) open and whose
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generic fibre Y → Z is a proper smooth family of rigid spaces having X as one
of the “geometric fibres”. Applying Theorem 6.2.1 to the family Y → Z yields
the equality of degree one hodge numbers of X.
This result suggests that the condition of admitting a formal model with projec-
tive reduction could be a natural rigid analytic analogue of the Ka¨hler condition. In
particular, it is natural to ask if this condition implies Hodge symmetry in higher
degrees:
Question 6.2.3. Let X be a smooth proper rigid space admitting a formal model with
projective reduction. Is it true that hi,j(X) = hj,i(X) for all i, j?
By combining Theorem 1.2 and Serre duality, it is easy to see that this question
has an affirmative answer for rigid analytic surfaces.
6.3 Proof of the Theorems
Now we specialize the results from Section 2.1 to the situation where K is of mixed
characteristic (i.e. an extension of Qp). With the aid of Proposition 2.2.3 and Hodge–
Tate comparison, it is easy to prove the Theorem 6.1.1.
Proof of Theorem 6.1.1. By Hodge–Tate comparison for smooth proper rigid spaces
over K (c.f. [Sch13, Theorem 7.11]), we have a canonical GK-equivariant isomorphism
H1e´t(XCK ,Qp(1))⊗Qp CK = (H1(X,OX)⊗K CK(1))⊕ (H0(X,Ω1X)⊗K CK),
where CK is the completion of an algebraic closure of K. On the other hand, by the
usual Kummer sequence we have
H1e´t(XCK ,Qp(1)) = Vp(PicX).
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Combining these isomorphisms with Hodge–Tate comparison for A and the structural
results for Vp(PicX) described in Proposition 2.2.3 (3), we see that
dimK (Vp(PicX)⊗Qp CK)GK = dimK (Vp(A)⊗Qp CK)GK = dimK(H1(Aˆ,OAˆ)) = dim(Aˆ) = dim(A)
and similarly
dimK (Vp(PicX)⊗Qp CK(−1))GK = r − k + dim(A),
where r − k is the virtual torus rank of the Picard variety of X as in Definition 2.1.2.
By Hodge–Tate comparison for X, the former is h1,0(X) and the latter is h0,1(X), so
taking the difference gives h0,1(X)− h1,0(X) = r − k, as desired.
One sees that the argument above only uses the qualitative structure of the Picard
variety. Similarly, it is easy to prove Theorem 6.2.1.
Proof of Theorem 6.2.1. [Li17a, Theorem 1.1] says that in this situation the Picard
variety is an abeloid variety. Therefore r − k = 0, so the argument above implies the




This chapter is based on [HL17, Section 4 and 5].
7.1 The Albanese
In this section we define another rigid group variety related to “1-motives of rigid
spaces”, namely the rigid Albanese variety. We work in the slightly more general
setting where X is a smooth proper rigid space over any complete non-archimedean
field K of characteristic 0 (not necessarily discretely valued); as before, we fix a rational
point x : Sp(K) → X. The only non-formal input we require is the existence of the
Picard variety associated with X in this generality, which is guaranteed by the work
of Warner, c.f. [War17].
Definition 7.1.1. The rigid Albanese variety (A, 0) associated with (X, x) is the initial
object in the category of pointed maps from (X, x) to an abeloid variety pointed at its
origin.
If no confusion seems likely, we call A the Albanese variety of X and denote it by
AlbX . If AlbX exists, it is clearly unique up to canonical isomorphism. In order to
prove the existence of the Albanese, we employ the Picard variety as follows:
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Definition 7.1.2. The Albanese A of X is defined as the dual of the maximal con-
nected proper smooth subgroup of the Picard variety of X.1
Note that the maximal connected proper smooth subgroup of any commutative rigid
analytic group is well-defined; this is an easy exercise which we leave to the reader.
Proposition 7.1.3. The abeloid variety A constructed above is the Albanese of X.
This Proposition is of no surprise, the corresponding versions in the scheme case is
well-known and can be found in [Gro95, Theorem 3.3(iii)]. The proof we give below is
adapted from that in loc. cit.
Proof. To see that A has the correct universal property, note that the Poincare´ bundle
on X × Pic0X restricts to a line bundle on X × Â. Therefore we have a morphism
Alb : X → A. As the Poincare´ bundle is trivialized along {x} × Pic0X , we know that
Alb(x) = 0. Now, given any pointed morphism φ : (X, x) → (A′, 0), we may consider
the line bundle (φ× idÂ′)∗L on X × Â′, the pullback of the Poincare´ bundle L on
A′×Â′, which gives rise to a morphism φˆ : Â′ → Pic0X . Since Â′ is proper and smooth,
this morphism necessarily lands in Â, hence gives rise to φˆ : Â′ → Â. The dual of this
morphism gives rise to a homomorphism φ˜ : A → A′. Using functoriality of Picard
and (double)-duality of abeloid varieties, c.f. [Lu¨t16, Section 6.3], we see that φ˜ as
constructed above is canonical and φ = φ˜ ◦ Alb. This completes the proof.
The Albanese property implies that the induced map between the first e´tale coho-
mology groups is injective. Before stating the result, recall that for a rigid space X
over a non-archimedean field K and any e´tale sheaf F on Xe´t, the “geometric” e´tale
cohomology is defined by H ie´t(XK¯ ,F) := lim−→H
1
e´t(XL,F). It is a theorem of de Jong–
van der Put that if X is quasi-compact, then we have H ie´t(XK¯ ,F) ∼= H ie´t(XCK ,F) as
Gal(Ksep/K)-modules (c.f. [dJvdP96, Lemma 3.7.1 and Theorem 3.7.3]).
1In our situation where the ground field has characteristic 0, one can drop the smoothness in this
definition.
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Proposition 7.1.4. For any prime l (which can be taken to be p), the natural map
Alb∗ : H1e´t(AlbX,K¯ ,Zl)→ H1e´t(XK¯ ,Zl) is injective, and similarly for Ql-coefficients.
Proof. It suffices to show the injectivity for Fl-coefficients. An element ξ ∈ H1e´t(AlbX,K¯ ,Fl)
is represented by an e´tale Fl-torsor B over AlbX,L where L is a finite separable exten-
sion of K. In this situation B itself is automatically an abeloid variety (c.f. [Mum08b,
p. 167]) 2. Choose any class ξ such that Alb∗ ξ = 0, in which case X ×AlbX B = B′ is a
trivial Fl-torsor over X (possibly after passing to a finite extension of K; from now on
we will ignore the issue of base change and the reader should think of every statement
as potentially true). In particular, we can choose a section σ : X → B′ to the natural
projection, as in the following diagram:









The section σ gives rise to a morphism from X to B which can be chosen so that x is sent
to 0. By the universal property of the Albanese we then get a section σ˜ : AlbX → B;
but this just means that ξ = 0, as desired.
If the residue field κ of K is of characteristic 0, then by [Tem18, Theorem 1.18]3 X
is potentially semistable. Therefore the discussion in Section 2.1 applies automatically;
in particular, by Theorem 2.1.1 (3) we know that ÂlbX has dimension no bigger than
that of the abeloid variety A which appeared in the aforesaid Theorem.
On the other hand, if κ is of characteristic p, then we have no free access to a
structure theorem for the Picard variety anymore. Nevertheless, if K is a p-adic field
2The proof of the analogous result for abelian varieties given in loc. cit. extends with almost no
change to the setting of abeloid varieties, except that one has to use the rigid geometry version of
rigidity lemma (c.f. [Lu¨t16, Lemma 7.1.2]).
3The authors would like to thank Professor Michael Temkin for pointing this reference to us in a
private communication.
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we can still prove that the dimension of the Albanese is no bigger than h1,0(X) by
combining Proposition 7.1.4 with a little p-adic Hodge theory.
Proposition 7.1.5. If X is a smooth proper rigid space over a p-adic field K, then
we have
dim(AlbX) ≤ dimH0(X,Ω1X).
Proof. Proposition 7.1.4 implies that the dimension of the Hodge–Tate weight 1 (we fol-
low the convention thatQp(1) has Hodge–Tate weight−1) piece ofH1e´t(AlbX,CK ,Qp)⊗Qp
CK is at most that of H1e´t(XCK ,Qp)⊗Qp CK . One uses Hodge–Tate comparison again
to see that the former is the dimension of AlbX and the latter is dimH
0(X,Ω1X).
Hoping that the map from X to its Albanese could be given in terms of “integration
of 1-forms on X”, one might na¨ıvely speculate that the dimension of AlbX coincides
with h1,0(X). However, we will see in the next section that this fails in general; see
Example 7.2.8 for an explicit counterexample.
7.2 Examples
Example 7.2.1. Let A be an abeloid variety of dimension d over a discretely valued
non-archimedean field. Its Picard variety is an abeloid variety of the same dimension d.
Then we have h1,0 = h0,1 = d and the Albanese ofA is of courseA itself. The behavior of
abeloid varieties is basically the same as abelian varieties according to [Lu¨t95, Theorem
II].
Example 7.2.2. Let H be a non-archimedean Hopf variety (c.f. [Vos91] and [Mus77]).
Then its Picard variety is Gm. We have h1,0 = 0 and h0,1 = 1. Since there is no
non-constant morphism from a proper rigid variety to Gm we see that the Albanese of
H is trivial.
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There is a geometric explanation for why Hopf varieties should have trivial Al-
banese.
Proposition 7.2.3. Let K be a discretely valued non-archimedean field. There is no
non-constant map from A1,rigK to any Abeloid variety A.
Proof. Applying [Lu¨t95, Theorem II] (after possibly passing to a finite separable ex-
tension of K), using the notations in loc. cit., we may assume that A has a topological
covering given by a smooth rigid group E sitting in an exact sequence of smooth rigid
groups:
0→ T → E → B → 0.
Here T is a finite product of copies of Grigm , and B is the generic fiber of a formal abelian
scheme B over OK . By [Lu¨t95, Section 2] B is the Ne´ron Model of B. In particular,
for any admissible smooth formal scheme X (whose generic fiber is denoted as X) over
OK , any morphism from X to B extends uniquely to a morphism from X to B. We
would like to make the following:
Claim 7.2.4. Any map A1,rig → A can be lifted to A1,rig → E.
Proof. By [Lu¨t16, Corollary 6.3.4], it suffices to prove that H1(A1,rig,Z) = 0. One
checks easily that the sheaf Z is overconvergent (c.f. [Sch93, Definition after Lemma
18]4). By [Sch93, Corollary 20 (ii)], it suffices to show that the associated Berkovich
space of A1,rig, denoted as M(A1,rig) in loc. cit. (see also [FvdP04, Corollary 7.1.11]
which compares the associated Berkovich space constructed by Berkovich and the site
constructed in [Sch93]), is simply connected. Actually a stronger statement is true,
namely the associated Berkovich space is contractible, due to [Ber90, Theorem 6.1.5].
Now it suffices to show that any morphism from A1,rig to B or Grigm must necessarily
be constant. The latter being well known, we shall just prove the former.
4Note that the concept of overconvergent is called conservative in loc. cit.
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We claim that any map f from A1,rig to B is trivial. To see this, choose an increasing
nested sequence of closed discs Di ⊂ A1,rig which admissibly cover A1,rig, and view f as
the limit of its restrictions to the Di’s. Now, closed discs have obvious smooth formal
models with special fiber A1κ. By the Ne´ron mapping property, any map from a closed
disc to B would extend to a map from such a smooth formal model to B. Looking at
the map on special fibers we get a map from a rational variety to an abelian variety,
and any such map must be constant. Therefore our map f has image contained in an
affinoid subspace of B. By the rigid analogue of Liouville’s theorem (see Lemma 7.2.5)
f must be constant.
In the argument above, we used the following rigid analytic analogue of Liouville’s
theorem.
Lemma 7.2.5. There is no non-constant morphism from the analytification of a K-
variety to a K-affinoid space.
Proof. It suffices to prove the following:
Claim 7.2.6. Let X = SpecR be an affine integral scheme of finite type over K. Then
every bounded analytic function on Xrig is a constant.
We achieve this in 3 steps.
Step 1: First, suppose that R = K[x1, . . . , xn]. We have to prove that every
bounded analytic function on An,rigK is a constant. Recall that A
n,rig
K is given by inductive
limit of
SpK〈x1, . . . , xn〉 ↪→ SpK〈x1, . . . , xn〉 ↪→ · · · ↪→ SpK〈x1, . . . , xn〉 ↪→ · · · ,
so the set of analytic functions on An,rigK is given by
⋂
k∈N











The boundedness of such a function translates to the existence of a constant C > 0
such that
|aIp−k|I|| ≤ C, for all k ∈ N, I = (i1, . . . , in).
Therefore we get that each coefficient aI must be zero except for I = (0, . . . , 0), and
our function is constant as desired.
Step 2: Choose an arbitrary R as in the claim. By Noether normalization, we may
assume that R is a finite algebra over K[x1, . . . , xn]. We claim that we can even assume
thatR is the integral closure ofK[x1, . . . , xn] in Frac(R) and that Frac(R)/Frac(K[x1, . . . , xn])
is Galois with Galois group G. Indeed, we only have to worry when Char(K) = p > 0.
In that situation, by possibly passing to a finite inseparable extension of K, we
may find n ∈ N such that Frac(R) ⊗Frac(K[x1,...,xn]) Frac(K[x1/p
n
1 , . . . , x
1/pn
n ]) is sepa-
rable over Frac(K[x
1/pn
1 , . . . , x
1/pn
n ]). Then we may dominate R by R′, its integral
closure in the Galois closure of one of the component of (Frac(R) ⊗Frac(K[x1,...,xn])
Frac(K[x
1/pn
1 , . . . , x
1/pn
n ]))red over Frac(K[x
1/pn
1 , . . . , x
1/pn
n ]). Now any bounded analytic
function pullback on Spec(R)rig to a bounded analytic function on Spec(R′)rig. If
the latter is locally a constant, then so is the former since Spec(R′)rig surjects onto
Spec(R)rig.
Step 3: Now assume that R is the integral closure of K[x1, . . . , xn] in Frac(R) and
that
Frac(R)/Frac(K[x1, . . . , xn]) is Galois with Galois group G. Let f be a bounded ana-







where g(f)(x) = f(g(x)). It is easy to see that ai’s are G-invariant, hence they are an-
alytic functions on An,rigK . They are bounded functions, so by Step 1 they are constants.
60
Since f satisfies the equation
fn − a1fn−1 + · · ·+ (−1)nan = 0,
we then see that f is a (locally) constant function as well.
Corollary 7.2.7. Let K be a discretely valued non-archimedean field, and X be an
A1-connected rigid variety over K. Then the Albanese of X is trivial.
We illustrate the failure of “integrating 1-forms” through the following example.
Example 7.2.8. LetA be a simple abeloid variety of dimension d over a non-archimedean
field K. Choose a non-torsion point P ∈ A. Let Y = (A2K − {(0, 0)})×A. Consider a
Z-action on Y given as dilation by some topologically nilpotent element belongs to K×
on the first factor and translation by P on the second factor. This action is properly
discontinuous. Take X = Y/Z. Projection to the first factor makes X into an isotriv-
ial family of abeloids over a Hopf surface H. One can compute the Hodge numbers
of X via Leray spectral sequence applied to this projection. For example, we have
h1,0(X) = d and h0,1(X) = d+ 1. But we make the following
Claim 7.2.9. The Albanese of X is trivial, i.e. there is no nontrivial map from X to
any non-zero abeloid variety.
Proof. By our construction it suffices to show that there is no abeloid variety embedded




gives an exact sequence
0→ Gm → Pic0X → Aˆ→ 0
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which exhibits Pic0X as the complement of the zero locus in the total space of a transla-
tion invariant line bundle L on Aˆ (c.f. [Lu¨t16, Section 6.1]). Moreover, this translation
invariant line bundle corresponds exactly to P ∈ ˆˆA = A. Now, a morphism from an
abeloid variety A to Pic0X is equivalent to the data of a homomorphism f : A → Aˆ
and an isomorphism s : OA → f ∗L. But since Aˆ is simple and L is non-torsion, such
a morphism must be 0. Therefore we conclude that there is no nontrivial connected
proper subgroup in Pic0X .
An alternative argument due to Johan de Jong demonstrates that there is no non-
constant morphism from Y (coming from X) to an abeloid variety. Indeed, one notices
that there is no non-constant morphism from a Hopf surface to an abeloid variety (c.f.
Example 7.2.2). Therefore any morphism Y → A must factor through A. But since
such a morphism comes from X it has to be invariant under translation by P . Thus
we conclude that the Albanese of X above is trivial.
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